Lagrangian Descriptors: A powerful
method for investigating the 'behavior-and
chaoticity of dynamical systems

Haris Skokos

Nonlinear Dynamics and Chaos (NDC) group
Department of Mathematics and Applied Mathematics
University of Cape Town, South Africa

E-mail: haris.skokos@uct.ac.za, haris.skokos@gmail.com
URL: http://math_research.uct.ac.za/~hskokos/

6th International Chaos and Complex Systems Symposium
Istanbul, Turkiye, 9 May 2025

BYNARISS

SN




Collaboration

A Cassandra Barbis (UCT)
A Malcolm Hillebrand (UCT)
A Arnold Ngapasare(UCT)
A Sebastianzimper (UCT)

A Jérome Daquin (University of Namur, Belgium)
A Matthaios Katsanikas (Academy of Athens, Greece)

A Stephen Wiggins (University of Bristol, UK and United States Naval Academy, USA)

Some aspects of the presented work were supported in part by the National Research Foundation

of South Africa (reference number WABR240401211578)



Outline

A Lagrangian descriptors (LDs)
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Lagrangian descriptors (LDs)

The computation of LDs is based on the accumulation of some positive
scalar value along the path of individual orbits.
Consider anN dimensional continuous time dynamical system
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The arclength definition [Madrid & Mancho, Chaos (2009) Mendoza &
Mancho, PRL (2010)i Mancho et al., Commun.Nonlin. Sci. Num. Simul.
(2013)].

Forward time LD:
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LDs: 1 dof Duffing Oscillator

L, 1, 1
Hx,y) = 2y + gx7 = ox

2

The system has three equilibrium points: a saddle located at the origin and
two diametrically opposed centers at the points£ 1, 0).
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The location of the stable and unstable manifoldsan be extracted from the
ridges of thegradient field of the LDs since they are located at points where
the forward and the backward components of the LD are notlifferentiable.
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Lagrangian descriptors (LDs)

Thenor md d dlLopesinodt al. cCommun.Nonlin. Sci. Num.
Simul. (2015)1 Lopesinoet al., Int. J. Bifurc. Chaos (2017)].
Combined LD (usually p=1/2):
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Maximum Lyapunov Exponent (MLE)

Chaos: sensitive dependence on initial conditions.

Roughly speaking, the MLE of a given orbit characterizes thenean exponential

rate of divergenceof trajectories surrounding it.

Consider an orbit in the 2N-dimensional phase space witmitial condition x(0)
and an initial deviation vector (small perturbation) from it v(0).

Then the mean exponential rate of divergence is:
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Figure 5.7. Behavior of o , at the intermediate energy E = 0.125 for initial points
taken in the ordered (curves 1-3) or stochastic (curves 4-6) regions {after Benettin

et al., 1976).



The Smaller Alignment Index
(SALI)

Consider the2N-dimensional phase space of a conservative dynamical
system(symplecticmap or Hamiltonian flow).

An orbit in that space with initial condition :
P(0)=(%(0), %( 0 ) ) X

and a deviation vector
v(0)=(Ux,(0), x,( 0 ) uxg(0))

The evolution in time (in mapsthe time Iis discrete and is equal to the
number n of the iterations) of a deviation vector is defined by:

Ahe variational equations(for Hamiltonian flows) and
Ahe equationsof the tangentmap (for mappings)



Definition of the SALI

We follow the evolution in time of two different initial
deviation vectors (v,(0), v,(0)), and define SALI [S., J.
Phys A (200])) 7 S& Manos, Lect. NotesPhys (2016] as
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When the two vectorsbecomecollinear
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SALI T Hénon-Heilessystem

As an example,we considerthe 2D Hénon-Heilessystem
T G B CHEFID I

For E=1/8 we considerthe orbits with initial conditions;
Regular orbit, x=0, y=0.55, p,=0.2417, p,=0

Chaotic orbit, x=0, y=-0.016, p,=0.49974 p, =0

Chaotic orbit, x=0, y=0.01344p,=0.49982p =0
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SALI T Hénon-Heilessystem

. Bl log(SALI) <-12
» N Bl -12 <log(SALI) < -8
-8 <log(SALI) < -4
-4 <log(SALI)




Applications I 2D map

T T [

Xi
X, = X,-nsin(x, +Xx,)

X1+X2

(mod 20 )

For3=0.5 we considerthe orbits
regular orbit A with initial conditionsx;=2, x,=0.
chaoticorbit B with initial conditionsx,=3, x,=0. e
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S, J. Phys A (2001



Behavior of the SALI

2D maps
SALI YO both for reqgul ar

following, however, completely different time rates which
allows usto distinguish betweenthe two cases

Hamiltonian flows and multidimensional maps
SALI YO for chaotic

SALI YcomnstOarfitor regul
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Using LDs to quantify chaos

We consider orbits on a finiteg r i d o f -dimemsiona( sOtkpacef the
N ( Gdimensional phase spacef a dynamical system and their LDs.
Any non-boundary point x in this subspace haQn nearest neighbors
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where g is theith usual basis vector im* andd s the distance between

successive grid points in this direction.

Thedifferenceyiof nei ghboring orbitsd LDs:

LR AT .ONN X

"_:I ° - P | J I' ®

Theratio=|;of nei ghboring orbitsodo LDs:
. 4 k) 4R
E iy

Hillebrand et al., Chaos (2022) Zimper et al.,PhysicaD (2023)




egular orbit

Application:: Hénon-Heiles system
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Application: Henon-Heiles system
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Application: Hénon-Heilessystem
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Application: 2D Standard map

. We setk 8
. L;“ui ze - Thresholds:i T "Hp 8,1 1 H. €
i 1 M AEE A )
: —15 —10 -5 0

() SALI

Z1
_ I ) .
=  Regular Regular 12f —— D? b
0.8+ Chaotic 1 Chaotic 2 i i
- gt = LOf L .
B % | 1
0.6 B L',:\\' (Jv"'_ 'g 0.8F ; :
O [ \Y £ = S | i
S, RN = -
Ui L 0 -
o " 0O 04r ! !
S ! i
0.2f & : i
0.2} A
vj’:’t‘., - :\, 1
N 1 1
0.8 0:0 —6 —4 —3

1 logyy D7, logyy R



Effect of grid spacing ({1) and final
integration time (T, U

Main plots: 2D Standard map
P, : percentage of correctly characterized orbits  Insets: Hénon-Heilessystem
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